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Impedance of an induction coil at the opening of a borehole in a conductor
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The electromagnetic field of a cylindrical eddy current probe coil near the open end of a borehole
in a conductor has been calculated analytically accounting for edge effects. Calculations of the coil
impedance as a function of position and excitation frequency have been made allowing theoretical
results to be compared with experimental measurements. Comparisons have been carried out for
special cases in which a cylindrical coil has its axis either perpendicular or parallel to the axis of the
hole. In the approach used, the field is expressed in terms of transverse electric and transverse
magnetic potentials defined with respect to the axis of the hole. The domain of the problem is
truncated in the axial direction in order to express the solution in the form of eigenfunction
expansions. The truncation modifies the original unbounded domain problem, but the additional
boundaries can be made as remote from the coil as desired so that they have a negligible effect on
numerical estimates of the coil field. The truncated region approach has proved to be accurate and
computationally efficient but more significantly, it allows new solutions to be found for problems
that are otherwise analytically intractable. The results model eddy current inspections of boreholes
including edge effects at the opening of the hole. © 2008 American Institute of Physics.
DOI: 10.1063/1.2827459
I. INTRODUCTION
Closed form solutions for the quasistatic electromagnetic
field in cylindrical systems1 have been used extensively for
studying eddy current coil interactions with infinite holes,
pipes, and rods. Recently, a new class of analytical solutions
has become accessible by truncation of an otherwise infinite
domain problem in one or more coordinate directions, allow-
ing modal quasistatic solutions to be found for a penetrable
conductive wedge2 and tube end effects.3 Here, the approach
is used to determine the field and impedance of a coil at the
opening of a semi-infinite borehole Fig. 1. With minor
modifications, the calculations can be extended to deal with a
coil in a borehole through a plate.
The edge of a borehole is a critical region where cracks
can initiate in components under stress, and although we do
not deal here with the fields due to cracks, the approach
given can be used to derive a Green’s kernel in analytical
form for a singular source near the borehole opening and,
thereby, provide a means for performing crack calculations
via integral methods using a dedicated kernel for this impor-
tant structure.
In applying the truncated region eigenfunction expansion
method, an approximate analytic solution is sought in the
form of an eigenfunction expansion. In a cylindrical system,
the problem domain can be truncated in the radial direction4
or the axial direction,5 depending on the nature of the prob-
lem. This can be done without introducing significant errors,
provided that the field at the truncation boundaries would
otherwise be small. In the case of an axial truncation, the
procedure means that the axial dependence can be expressed
in the form of Fourier series. By approximating the infinite
series with a finite number of terms, the boundary value
problem reduces to one of finding a finite number of expan-
sion coefficients. The expansion coefficients for different re-
gions Fig. 2 are used to form column vectors. Matrix rela-
tionships between the vectors are derived using continuity
conditions on the field at the radial interfaces. One coeffi-
cient vector is used to represent a predefined source coil field
and the remaining coefficient vectors are expressed in terms
of the source vector by a process of elimination. In this way,
a solution is found.
The procedure is computationally efficient and errors are
easily controlled by simply adjusting the location of the trun-
cation boundaries or by modifying the number of terms in
the Fourier series. The analytical advantage is that approxi-
mate solutions can be derived for new configurations by
adapting traditional canonical structures. An example is the
canonical problem of finding the electromagnetic field in an
infinite tube due to an internal coaxial coil. This problem can
be modified in the truncated region to get a solution for the
aElectronic mail: jbowler@iastate.edu.
FIG. 1. Color online Coil at the opening of a borehole, the axis of the coil
being perpendicular to the axis of the hole.
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tube end effect.3 Here, we examine the calculation of the
field of an arbitrary coil carrying a current varying as the real
part of Iejt in a cylindrical hole within a domain which is
finite in the axial direction Fig. 2. We seek the electromag-
netic field at the edge of the hole and the change in coil
impedance as its vertical position is varied by relating these
quantities to the source coil coefficients evaluated for a ho-
mogeneous region. Expressions for the source coefficients
are derived for a coil whose axis is perpendicular to that of
the hole, referred to as a rotary coil, and also for an offset
bobbin coil whose axis is parallel to and displaced from that
of the hole.
II. FORMULATION
The initially infinite domain problem is truncated in the
axial direction to limit the axial coordinate range to 0z
h Fig. 2. By locating the coil sufficiently far from the
upper and lower boundaries, the truncation error can be set at
a tolerable level. The quasistatic magnetic flux density is
here expressed in terms of scalar potentials,
B =   zˆWa + k2   zˆWb , 1
where k2= j0. Both the transverse electric TE Wa and
transverse magnetic TM potentials Wb satisfy the Helm-
holtz equation,
2 − k2W = 0. 2
The Fourier series representation with respect to the azi-
muthal angle is written as
W,,z = 
m=−

W˜ m,zejm. 3
Then, the solution W˜ m ,z for the conductive region, for
example, has terms of the form
A0rm + B0r−mC + Dz + Ausinuz + Bucosuz
CuImpr + DuKmpr ,
where Imx and Kmx are associated Bessel functions and
p=u2+k2. For nonconductive regions, we have a similar
expression with k2=0. Because of the truncation in the axial
direction, the z dependence of the field is expressed as a
Fourier series with u having discrete values. Continuity con-
ditions are then used to determine the solution coefficients.
For reference, the components of the magnetic field are
stated here in a form that is convenient for applying interface
conditions,
B˜  =
	m

+ jm
1


m, 4
B˜  = jm
1

	m −

m

, 5
B˜ z =
	m
z
− k2W˜ m, 6
where we use the magnetic scalar potential 	 defined such
that 	=Wa /z and write
	m =
W˜ am
z
, 
m = k2W˜ bm 7
to represent the TE and TM modes, respectively. In the non-
conductive region B=	.
A. Formal solution
The potential and expansion coefficients representing the
source field in the absence of induced current are denoted by
the superscript 0. Similarly, the superscript 1 is associated
with quantities representing the field in region 1 due to in-
duced current Fig. 2. In this scheme, the TE potential in
region 1 is the sum of contributions from the source and
from induced currents, written as 	
m
0+	
m
1
. For the whole of
the region b 0zh, the quantities representing the
TE potential are denoted by the superscript 2.
In constructing the formal solution, we use series expres-
sions for the transformed TE and TM potentials that are so-
lutions of the Helmholtz or Laplace equations depending on
whether the region considered is conductive or not, respec-
tively. At the formal stage of the development, the continuity
of the field in the plane z=c Fig. 2 is also considered. The
basic requirements at the horizontal planes are satisfied first
before imposing continuity of the field at the radial interface
between region 1 and region 2, as described in Sec. III.
On the truncation boundaries at z=0 and z=h, we im-
pose the condition that the tangential electric field is zero. It
follows that the normal component of the magnetic flux den-
FIG. 2. Color online An arbitrarily shaped coil in the region of the mouth
of a borehole. The domain of the electromagnetic field problem is truncated
at the planes z=0 and z=h.
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sity on these boundaries is also zero. Setting Et=0 at z=0
effectively imposes a parity condition with respect to the z
dependence of the solution since the tangential electric field
due to a coil can be nulled by the field of an image probe
placed below the z=0 plane carrying a current in the oppo-
site sense to that of the original source coil. We define the
parity in terms of the source-image relationship which in this
case has odd parity. One can generate both odd and even
parity solutions, then sum them to eliminate the effect of the
image coil and halve the solution to represent the field due to
a coil in a finite thickness or a thin plate. However, we do not
give the details of this calculation but instead use the odd
parity solution for a calculation of the coil field at the mouth
of a semi-infinite hole approximated as having a large but
finite depth c. The even parity solution could also be used for
this task since the field in the presence of a semi-infinite hole
is approximated in a finite region whose boundaries are re-
mote from the entrance to the hole and the coil. Hence, we
need only choose a boundary condition at z=0 and z=h that
approximates the small field that would otherwise exist at
these planes if the domain was not truncated.
Expressions for the transformed TE and TM potentials
that satisfy the truncation boundary conditions at z=0 and
z=h are stated as follows. Starting with the TE source poten-
tial at a point outside the outer limit of the probe coil
rc,
	m
0,z = b
−m
Cm0
0 + 
i=1

cos uiz	KmuiKmuib
Cmi0. 8
For the part of region 1 in which brc, the potential due
to induced current is
	m
1,z = b
m
Cm0
1 + 
i=1

cos uiz	 ImuiImuib
Cmi1. 9
The cosine dependence ensures that 	m /z=0 and, hence,
B˜ z=0 at z=0. Putting ui= i /h ensures that 	m /z=0 at z
=h. Factors containing b are included in these expressions in
anticipation of being able to simplify expressions for the
field at the =b boundary.
For region 2, the TE potential has the form
	m
2,z = i=1

cos qiz	KmpiKmpib
Cmi2, 0 z c ,
b
−m
Cm0
2 + 
i=1

cospih − z	KmpiKmpib
iCmi2, c z h , 10
where pi
2
=qi
2+k2. The qi eigenvalues are found using the
continuity of H
 and H at z=c b following a proce-
dure described in Ref. 2. This gives
i =
cos qic
cospih − c
= −
pi sin qic
qi sinpih − c
. 11
Hence, the eigenvalues are the roots of the complex transcen-
dental equation
qi + k2 tan qic + qi tanpih − c = 0. 12
It is only necessary to compute these roots once for a given
ratio of c /h since they are independent of m. Typically, less
than 100 roots are used depending on the number of terms
chosen for the series representation. A suitable root finding
routine can be used for the purpose.
The TM potential for the conductive region is expressed
as

m,z = cosh kzb
−m
Dm0 + 
i=1

cos riz	KmsiKmsib
Dmi,
0 z c . 13
Putting ri= i− 12  /c ensures that the normal component of
the current at the surface of the conductor, approached from
within it, is zero. Letting si
2
=ri
2+k2 guarantees that Eq. 2 is
satisfied by all terms in the summation. By taking the curl of
Eq. 1 to find the electric field and using Eq. 2, it can be
seen that the z component of the electric field is zero if
2
m
z2
− k2
m = 0. 14
The leading term in the series, which is actually a transverse
electric and magnetic mode, conforms to this requirement.
A relationship between C
m0
2
and Dm0 is found from the
continuity of H
 at z=cb, which gives
Cm0
2
= − j coshkcDm0. 15
This completes the formal stage of the development. Next,
we impose the appropriate continuity conditions that govern
the field at =b.
III. CONTINUITY AT THE RADIAL INTERFACE
The continuities of the tangential magnetic field and the
normal component of the magnetic flux density are applied
in the weak sense for the interface =b. Matching firstly H
integrated between z=0 and z=h, we find that
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jmCm00 + Cm01 =
m

Dm0 −
b
hi=1

si
ri
sinric
Km sib
Kmsib
Dmi,
16
whereas matching B across the =b interface by integrating
over the same range shows that
jCm0
0
− Cm0
1 =
1

Dm0 +
1
hi=1
 1
ri
sinric
Km sib
Kmsib
Dmi, 17
where
 =
hk
sinh kc + kh − ccosh kc
. 18
These relationships combine with the help of expressions for
the derivative of the associated Bessel function6 to give
Cm0
1
= −
j
m
Rm−1
T Dm 19
and
Dm0 = 	jCm00 − 1
m
Rm+1
T Dm
 , 20
where we have used the superscript T to denote the transpose
of a column vector and have formed the scalar product of a
column vector whose components are
Rm1,i =
b
2h
si
ri
− 1i+1
Km1sib
Kmsib
, 21
with a vector Dm representing the expansion coefficients for
the TM potential.
Equations 15, 19, and 20 allow us to eliminate un-
known zero order coefficients. Then, matrix equations for the
remaining three sets of unknown coefficients are found by
matching at the =b boundary Hz sin ujz, H cos ujz, and
B cos ujz, integrated between 0 and h. Applying trigonomet-
ric function orthogonality relations,

0
h
sin ujz sin uizdz =
h
2
ij 
0
h
cos ujz cos uizdz =
h
2
ij ,
22
we obtain the following system:
uCm0 + Cm1 = MspCm2, 23
jmCm0 + Cm1 = jmMcCm2 − bMrsMmsb + LRm+1T Dm
+ jmLCm0
0
, 24
buMmubCm0 + mubCm1
= bMcpMmpbCm2 + jmMr − LRm+1T Dm − mLCm00 .
25
Here, C
m
0
, C
m
0
, and C
m
2
, are column vectors of expansion
coefficients, whereas u, p, s, Mmub, and mub are diag-
onal matrices and we have defined
Mmz =
Km z
Kmz
, mz =
Im z
Imz
. 26
Other matrices in Eqs. 23–25 have elements defined by
Msi, j =
2
h	 pjqj0
c
sin uiz sin qjzdz
−  j
c
h
sin uiz sin pjh − zdz
 , 27
Mci, j =
2
h	0
c
cos uiz cos qjzdz
+  j
c
h
cos uiz cos pjh − zdz
 , 28
Mri, j =
2
h0
c
cos uiz cos rjzdz , 29
and a vector coefficient has also been defined whose ele-
ments are
Li =
2
h	0
c
cos uiz cosh kzdz + cosh kc
c
h
cos uizdz
 .
30
Evaluating the integrals leads to the results given in Ref. 2.
From jm23–u24 and bmub 23–25, we elimi-
nate C
m
1 to get a system of the form
A11Cm2 + A12Dm = KiCm0 + L1Cm00 , 31
A21Cm2 + A22Dm = K2Cm0 + L2Cm00 , 32
where the matrices Aij and Ki i , j=1,2 are
A11 = jmMsp − uMc, 33
A12 = ubMrsMmsb + LRm+1
T  , 34
A21 = bMsmpb − McMmpbp , 35
A22 = − jmMr − LRm+1
T  , 36
K1 = 0, K2 = I , 37
where I is the unity matrix. In addition, the following col-
umn vectors have been introduced,
L1 = jmuL, L2 = mL . 38
The solution of Eqs. 31 and 32 found by inverting A21 is
Dm = A12 − A11A21
−1A22−1K1 − A11A21
−1K2Cm0
+ L1 − A11A21
−1L2Cm0
0 , 39
Cm2 = − A21−1A22Dm − K2Cm0 − L2Cm00 . 40
With C
m
2 known, the coefficients vector C
m
1
can be found
from Eq. 23.
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IV. POTENTIAL OF A FILAMENTARY CURRENT LOOP
A. Truncated region Green’s function
The source coefficients can be identified from the ex-
plicit series solution for a coil in the nonconductive region
between the truncation planes. The fields of an offset bobbin
coil7 and a rotary coil8 have been derived previously for an
unbounded domain using the fundamental solution 1 /4R
for the Laplace problem. In keeping with a first-principles
approach, we express the magnetic scalar potential represent-
ing the TE field in terms of the corresponding Green’s func-
tion for the truncated region. This kernel is a solution of
2G0rr = − r − r , 41
satisfying the Neumann boundary condition G0 /z=0 at
z=0 and z=h. The Green’s function can be derived by adapt-
ing Dougall’s method for the corresponding Dirichlet
problem9,10 to solve the Neumann problem. For the singular
point on the axis of a cylindrical polar coordinate system, it
has been shown that11
G0r,z,z = −
1
2h
log r
+
1
hi=1

cos uiz cos uizK0uir , 42
where r is the radial distance from the singular point. As
before, putting ui= i /h ensures that the Neumann condition
at z=h is satisfied.
The coordinates can be transformed by using the addi-
tion theorem for the K0 Bessel function,
10
K0ur = 
m=−

KmuImuejm
−
, 43
where r2=2+2−2 cos
−
 and we write  to de-
note the greater of  and , while  is the lesser. Corre-
spondingly, the log function in Eq. 42 can be expressed as
a series by applying the cosine rule factored with the cosine
written in experimental form. Expanding the log of the fac-
tors using Taylor’s series gives
log r = log  −
1
2 m0
1
m


mejm
−
, 44
where the summation over m includes all positive and nega-
tive integers but excludes m=0. Combining Eqs. 43, 44,
and 42 gives the required kernel
G0rr = −
1
2h
log  +
1
4h m0
1
m


mejm
−

+
1
hi=1

cos uiz cos uiz
 
m=−

KmuiImuiejm
−
, 45
which is the Neumann Green’s kernel for a domain truncated
by parallel planes.
B. Application of Green’s second theorem
The field in the homogeneous domain is here represented
by the magnetic scalar potential defined such that B=	.
The potential is a solution of
2	 = 0, 46
satisfying the same boundary conditions as Green’s kernel,
namely, 	 /z=0 at z=0 and z=h. To derive the coil field,
we follow a procedure in which the potential due to a circu-
lar current filament is found first in a local coordinate system
and then in global coordinates. Finally, the filament potential
is integrated to get the corresponding potential for a coil of
rectangular cross section.
According to a well-known equivalence principle,12 the
field of a filamentary current loop is the same as that of an
infinitesimally thin magnetic shell at an arbitrary open sur-
face bounded by the filament. We apply this principle to a
circular loop taking the shell to be a circular disk. The mag-
netic shell is the physical representation of what is referred to
in the theoretical interpretation of Green’s second theorem as
a double layer potential. The discontinuity/continuity condi-
tions at the shell reflect the characteristics of such a potential,
which are that the potential is discontinuous and the normal
derivative of the potential is continuous. At the shell,
	+ − 	− = − 0I,  	z + −  	z − = 0, 47
where the  subscripts denote the limiting values of the
function as the shell is approached from the positive of nega-
tive direction of a particular coordinate. The first of these
relationships shows that the magnetic scalar potential has a
jump related to the magnetic dipole density which is constant
over the shell surface.13 The second reflects the fact that the
normal component of the magnetic flux density is continuous
at the shell.
By applying Green’s second theorem to a surface enclos-
ing the magnetic disk, using Eqs. 41 and 46 and then
collapsing the closed surface onto the open surface of the
disk, S0, say, we get
	r = − 0I
S
G0rr · dS, 48
where Eq. 47 has been used.
V. SOURCE COEFFICIENTS
A. Offset bobbin
The potential of a loop, radius 0, whose axis is in the z
direction is found from Eqs. 48 and 45. We use r and  to
denote local cylindrical coordinates whose axis passes
through the center of the loop. Because the gradient in Eq.
48 is z directed in this case, terms independent of z in Eq.
45 are eliminated. The integral over  eliminates all but the
m=0 term to give the filament potential,
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	r,z =
20I
h i=1

cos uiz sin uizK0uirI1ui0 , 49
for r0. Integrating over the rectangular cross section of a
coil, whose turn density is  and using the probe parameters
shown in Fig. 3, we get the coils magnetic scalar potential,
	c
0r,z =
20I
h i=1

cos uizK0uir

cos uizi − cos uiz2
ui
3 uir2,uir1 , 50
in the region such that rr2, where
a2,a1 = 
a1
a2
I1xxdx . 51
Equation 50 gives the magnetic scalar potential of the off-
set coil in a local polar coordinate system whose axis coin-
cides with that of the coil. The expression for the potential in
the global coordinate system defined with reference to the
borehole axis is found using the addition theorem 43,
	m
0,z =
20I
h i=1

cos uizKmui

cos uiz1 − cos uiz2
ui
3 uir2,uir1Imuir0 ,
52
for r0+r2. Comparing Eq. 8 to Eq. 52, we deduce that
Cmi
0
=
20I
h  cos uiz1 − cos uiz2ui3 
uir2,uir1KmuibImuir0 , 53
and that C0i
0
=0. This defines the source coefficients for the
offset bobbin coil.
B. Rotary coil
The source coefficients for the rotary coil Fig. 4 are
calculated following the procedure similar to that given pre-
viously for the unbounded domain problem.8 However, the
derivation of these coefficients for the truncated Neumann
problem differs sufficiently in its details to warrant further
explanation, especially with regard to the contribution from
the zero order i=0 Fourier series with respect to azimuthal
dependence.
The zero order series for a coil can be derived from the
corresponding zero order kernel Eq. 44, starting with the
solution for a circular filament centered at a point on the z
axis Fig. 5. To separate the zero order term in keeping with
the form of Eq. 45, we correspondingly decompose the
loop solution,
	 = 	0 + 
i=1

	i, 54
compute the leading term from
	0 = − 0I
S0
g0 · dS 55
and the terms in the summation from
FIG. 3. Offset bobbin coil in a homogeneous nonconductive truncated do-
main. The source coefficients are identified from the explicit series expan-
sion for the TE potential that describes the solution in this region.
FIG. 4. A rotary coil in a homogeneous nonconductive truncated region.
From the TE solution in this region, we identify the source expansion coef-
ficients for the coil.
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	i = − 0I
S0
Gi
0
· dS, 56
where, using local coordinates r ,,
g0 = −
1
2h
log r +
1
4h n0
1
n
 r
r
nejn− 57
and
Gi
0
=
1
h
cos uiz cos uiz
 
m=−

KmuiImuiejm
−
. 58
The normal derivative in Eqs. 55 and 56 gives rise to
a term 1 /r /ejm, which has a constant value over
half the circular area enclosed by the filament and a different
value over the other half, depending on whether = /2.
Adding these constants gives rise to a factor
2n /rsinn /2.
Considering first the evaluation of Eq. 55, the surface
integral can be reduced to an integral with respect to z and an
integral with respect to r, but since the zero order kernel
Eq. 57 is independent of z, the latter integral is trivial and
simply gives rise to a factor of 2r02−r2 as represented by
the length of the elemental strip in Fig. 5. By integrating with
respect to r, we get
	0 = 
n0
ejn
rn
cn, 59
where
cn = −
0I
h
an sinn/2r0
n+1
, 60
and the coefficients an arising from the radial integral are
a1= /4 with
an = 
0
1
n−11 − 2d = 
2n+3/2
1 · 3 · 5¯ n − 2
n + 12 !
, 61
where n=3,5 ,7. . ..
We express rnejn in terms of a coordinate system in
which the loop lies in the plane x=x0 by writing
 =  − x0, 62
where =rej and =ej
 are complex variables. Elemen-
tary analysis gives

n=1

cn
n
= 
n=1

cn
n

=0

n +  − 1!
n − 1!!  x0 

= 
m=1
 1
m

n=1
m
m − 1!
m − n!n − 1!
x0
m−ncn. 63
In reordering the series above, we defined m=n+ and noted
that since  is non-negative, n cannot exceed m, which dic-
tates the upper limit of the inner sum. Transformation of Eq.
59 is achieved using Eq. 63 and its complex conjugate to
take account of negative phase factors. Hence, the transfor-
mation of Eq. 59 to global coordinate yields
	0 = 
m0
ejm

m

n=0
m m − 1!
m − n!n − 1!
x0
m−n
cn. 64
Integrating over the coil cross section for a coil whose turn
density is  and identifying the zero order expansion coeffi-
cients with reference to Eq. 8 give
Cm0
0
= −
0I
hbmn=1
m an sinn2 m − 1!
m − n + 1!n − 1!
 x2
m−n+1
− x1
m−n+1 r2n+2 − r1n+2
n + 2  . 65
To determine the remaining source coefficients for a ro-
tary coil, we proceed by first using equation Eq. 58 to-
gether with Eq. 56 to give the contribution to the potential
of a filamentary loop on the axis of a cylindrical polar coor-
dinate system associated with the eigenvalue, ui. This contri-
bution has the form
FIG. 5. Color online Filamentary loop with its axis in the x direction.
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	i = cos uiz
m
Kmuire−jmcmi, 66
where
cmi = −
40I
h
m
ui
sin m

2
cos uiz0
 
0
uir0 1

sinui2r02 − 2Imd . 67
The change in the coordinate system can be accomplished
using14
Kmuire−jm = 

KuiI−muix0e−j
. 68
Integrating over x0 and r0 and comparing the resulting ex-
pression for the magnetic scalar potential with the general
form Eq. 53 show that
Cmi
0
= −
40I
h
cos uiz0
m
ui
3 sin m

2
Kmuib
 
n=−

m−nuix2,uix1nuir2,uir1 , 69
where
m2,1 = 
1
2
Imxdx 70
and
nv2,v1 = 
v1
v2
0
v 1

Insinu2 − 2ddv . 71
This completes the determination of the source coefficients
for the rotary coil.
VI. IMPEDANCE CHANGE
It has been shown using a reciprocity theorem that the
coil impedance change due to induced current is given by an
integral over a surface enclosing the coil.7 Taking the surface
to be a cylinder with radius b and expressing the integrand in
terms of magnetic scalar potentials give
Z = −
j
0I2

0
h
−
 		1	0

− 	0
	1



=b
bddz .
72
By substituting for 	0 and 	1 and using the Wronskian
Im zKmz − ImzKm z =
1
z , 73
we get the general expression for the impedance change of a
coil in a borehole and a truncated domain,
Z = −
j
0I2
h	
m

mCm0
0Cm0
1 + 
i=1
 Cmi
0Cmi
1
ImuibKmuib

 ,
74
where C
m0
0 is zero for the offset bobbin and is given by Eq.
65 for the rotary coil, C
mi
0 is given by Eq. 53 for the offset
bobbin and Eq. 69 for the rotary coil, C
m0
1 is given by Eq.
19, and C
mi
1 is determined from Eq. 23 via Eqs. 40 and
39.
VII. RESULTS
The results for a bobbin coil with zero offset d=0 are a
special case of an axisymmetric geometry. In this case, the
model is simplified since Imud=0 and, hence, every term in
which m0 vanishes. Predictions for axisymmetric solution
without edge effects compare well with experimental data15
but here, we will present some numerical results for the same
offset bobbin coil and test-piece data used in the infinite
borehole case.
Calculations were carried out using MATHEMATICA to
compute the impedance change of the coil near the borehole
edge. Significant considerations in relation to accuracy are
the choice of the truncated domain size h and the number of
terms in the m and i summations, namely, Nm and Ni. Refer-
ence to the case of the infinite length borehole was very
helpful in this respect.
Theoretical results from the truncated domain series ex-
pressions were compared to results from the exact expres-
sions in Ref. 8, and it was observed that as a rule of thumb
for h=nr2 and Ni=2n with n=20, we obtained an agreement
of the order of 1% for all frequencies. This means that the
TABLE I. Coil and borehole parameters. The offset of the bobbin coil is r0
Fig. 6, and the distance of the rotary coil base from the axis is x1 in mm
Fig. 4. =x2−x1 is the axial length of the coil.
Coil Borehole
r1 6.95 mm  24.36 MS /m
r2 9.35 mm r 1
 6.70 mm b 20 mm
N 335
r0 4.1 mm
x1 5.63 mm
FIG. 6. Color online Variation of coil impedance change of an offset
bobbin coil as it traverses the borehole edge. Measurements were made at an
excitation frequency of 10 kHz.
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square matrices were 4040. The chosen value for h en-
sures that the coil center is about ten outer coil radii away
from the outer boundaries and, thus, the truncated geometry
simulates the infinite domain adequately.
The theoretical results calculated using the parameters
in Table I for the infinite borehole were compared to fre-
quency scans with the coil located far from the borehole edge
in order to assess the degree of agreement with experiment
and whether any liftoff adjustment was required.16 No such
distance correction between the coil and borehole wall was
necessary; therefore, there are no free parameters in the cal-
culations. Then, the same coil, whose self-inductance is
1.754 mH 1.752 mH according to theory, was scanned
across the borehole edge in the two orientations described,
a offset and b rotary. Figure 6 shows the variation of the
impedance change of an offset bobbin coil as a function of
axial position measured with respect to the edge of the hole.
Impedance variations for a rotary coil as a function of posi-
tion are shown in Fig. 7. The predictions are compared with
experimental measurements and again show good agreement.
VIII. CONCLUSION
Closed-form expressions for the impedance of a cylin-
drical coil and for the electromagnetic field have been de-
rived for an eddy current probe coil located near the edge of
a deep borehole. Using transverse electric and transverse
magnetic scalar potentials to represent the electromagnetic
field in an axially truncated region, the potentials are ex-
pressed in terms of series expansions. The expansion coeffi-
cients have been found by mode matching across the bound-
ary of the extended hole. Comparison of coil impedance
predictions agrees well with experimental measurements, the
calculations take only a few seconds and the errors are easily
controlled by adjusting the number of terms in the series and
the location of the truncation boundaries.
The approach can be extended to deal with a through
hole in a plate whose thickness is of the order of the coil
dimensions or less. Because eddy current inspection of the
borehole structure is common, it is of interest to develop an
inspection model that takes account of the presence of a
crack at the edge of the hole. This may be done at low
computational cost by using Green’s kernel for the structure
with a singular source in the metal. This can be accom-
plished by using the approach described in this article.
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